In this note, a planetary orbit model based on Kepler's so called distance law is expressed by using an elliptic integral.
Introduction
In a celebrated publication "Astronomia Nova" [6] in 1609, Kepler stated that the orbit of a planet was an ellipse. In "Harmonice Mundi" [7] he clearly stated that the sun was located at a focus of the elliptical orbit of the planet. In these books he formulated a prototype of the conservation law of the angular momentum. However the formulation was rather ambiguous. In "Epitome Astronomiae Copernicanae" (1618-1621) [8] he clearly formulated the area law. His harmonic law was mentioned in a previous work [7] . The area law and the harmonic law of Kepler are re-formulated in the one-body problem in the general relativistic theory (cf. [4, 9] ). In this note we formulate Kepler's oval orbit model of a planet under the assumption that the planet obeys the so called distance law. The authors emphasize that our arguments are independent of a question whether Kepler really assumed the distance law during 1600-1605, he sought the true planetary orbit.
The area law versus the distance law
Kepler could not use the differentiation of a function to treat the movement of a planet. Modern interpretations of his theory are based on this method. We shall introduce Cartesian coordinates (x, y) on the orbital plane passing through the sun. We assume that the sun is located at the origin (0, 0). The mean anomaly α is used to designate the location of a planet. It is a affine function of a usual time parameter t. The distance law is formulated as the following: the magnitude x (t) 2 + y (t) 2 of the velocity vector (x (t), y (t)) is inversely proportional to the distance r =
The area law is formulated as x(t)y (t) − y(t)x (t) = const. Newton showed that the area law is a true physical law in one-body problem. The area law is a fiction and it attracts few attraction of modern physicists. However we can assume it as a mathematical model. Kepler examined various planetary orbit models before he found that an ellipse was the true orbit (cf. [1, 2, 10, 11] 
Formulation of the Kepler ovum based on the distance law
We assume that the center of the epicycle is at (cos β, sin β) where −π ≤ β ≤ π is the eccentric anomaly . We also assume that the position of the planet for the mean anomaly 0 < α < π is at (x, y) = (cos β + e cos(β − α), sin β + e sin(β − α)), where 0 < e < 1 is the eccentricity of the orbit of the planet. By the equation
the distance r between the planet and the sun is given by r = √ 1 + e 2 + 2e cos α. It follows from the equation
and the distance law which implies that the velocity v(α) satisfies the equation
for some constant c > 0. Hence we have
Since β (π) > 0, this equation implies the equation β (α) = e 2 + e cos(α) + c 2 − e 2 + e 2 cos 2 (α)
1 + e 2 + 2e cos(α) .
It follows that the eccentric anomaly β satisfies the following boundary condition
In fact π 0 e + cos(α) 1 + e 2 + 2e cos(α) dα = 2
We choose a constant c satisfying e ≤ c < 1 by the condition π 0 c 2 − e 2 sin 2 α 1 + e 2 + 2e cos(α) dα
To compute the eccentric anomaly β, we introduce the two functions Then the eccentric anomaly β is the sum β 1 (α) + β 2 (α) of these functions. By direct computations, we have
ds.
We shall express the true anomaly φ(α) of the planet as a function of the mean anomaly based on the distance law. Let
where r(α) = √ 1 + e 2 + 2e cos α ( −π ≤ α ≤ π). By the equation
and hence the equation
It follows that
.
and hence φ(α) = β 2 (α).
We show that there exists a suitable constant c with e < c < 1 at least for 0 < e ≤ 2/3 satisfying the equation We assume the value e = e 0 for which the integral (3.2) is just π. We set e 0 = tan(θ 0 /2) for this value 0 < e 0 < 1. Then we have
Hence we have a transcendental equation cos θ 0 = θ 0 /π for the angle 0 < θ 0 < π. We also have the following for the value e 0 tan(
and hence Arctan(
An approximate value of e 0 is given by 0.672657, which is greater than 2/3.
Summing up the above arguments, we have the following. where e is the eccentricity of the orbit satisfying 0 < e < e 0 = 0.672657, and the true anomaly φ(α) satisfies the equation 
